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It is shown that certain interpolation functors of orbits are correct. This implies 
that under the approximation condition those functors are computable, i.e., are 
completely determined by the regular linite dimensional couple of Banach spaces. 
Also the notion of local factorizable Banach couples is given and it is shown that 
each mutually closed couple of Banach ideal spaces is local factoriable. We also give 
some applications of the above results. ic: 1991 Academx Press. Inc 
The theory of interpolation spaces plays an important role in many areas 
of functional analysis, including the study of the geometry of Banach spaces 
and the theory of operator ideals, and classical harmonic analysis. New 
methods for constructing and investigating interpolation spaces, which can 
be called the methods of orbits and coorbits, allow us to obtain new 
interesting results. In particular interpolation theorems concerning non- 
linear operators have important applications not only in partial differential 
equations but in other areas such as approximation theory as well. 
In [ 1 ] (see also [3]) it is shown that a large class of interpolation 
functors (termed computable functors), containing all well-known classical 
interpolation functors, has nice properties. One of them is that such 
functors interpolate Lipschitz operators. 
By way of motivation, the purpose of this paper is to present some 
results concerning computability of regular functors generated by functors 
of orbits of elements. 
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Now we discuss the layout and main results of the paper. Section 1 is 
purely preparatory and contains fundamental definitions. 
In Section 2, we show that the functors of orbits of some elements, 
generated by special couples of Banach spaces, including, for example, 
K-linearizable couples and couples of Banach ideal spaces, are correct. 
In Section 3, we introduce the notion of local factorizable Banach 
couples. The main result is that couples of mutually closed Banach ideal 
spaces are local factorizable. 
Finally in Section 4, using the results of [ 1, 73, we give applications of 
these results, concerning duality between orbits of elements and coorbits. 
1. PRELIMINARIES 
We give here the basic definitions. We refer the reader to [2, 31 for more 
information. 
As usual for a given Banach couple A=(A,, A,), d(A) :=A,nA,, and 
C(A) := A, + A, (whenever possible we suppress the “unnecessary” A, 
writing d and 2). 
If A is any Banach space containing d(A), then we let A0 denote the 
closure of d(A) in A. 
A Banach couple A=(A,, A,) is said to be regular if Ay=A,, i=O, 1. 
For a given Banach space A contained in C(A), let S be the closure in 
Z of the unit ball of A. We can then define the Gagliardo completion of A 
with respect to C to be the space, denoted by A”, which is the span of S 
and has S as its unit ball. In the case A = A,, i = 0 or 1, it is easy to show 
that A; (resp. AI) is the Banach space of those elements a of C(A) for 
which 
II4 Ab = ,‘it K(t, 0; A) 
(resp. Ila(lA; = lim,,,(K(t, a; A)/t)) is finite, where 
WC a)=K(t, 0; A) :=inf{ Il~olla,+ t lbll., 
for any UEC(A) and t>O. 
;a=a,+a, 
DEFINITION. The Banach couple A = (A,, A, ) is said to be mutually 
closed if Af’ = Ai for i = 0, 1 with equality of norms. 
Let A = (A,, A i) and X = (X0, X, ) be two Banach couples. We denote 
by Y(A, X) the Banach space of all linear operators T: C(A) -+ L’(X) such 
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that the restriction of T to the space Ai is a bounded operator from Ai into 
X,, i = 0, 1, with the norm 
II TII A-X =max~IITll.o+Xo~ IIW.,+,,I. 
For agiven r>O, P,(A,X):={TEP’(A,X); IITIIA_x<rj. 
Let us fix an element 0 # a E Z(A). The set of all elements of the form Ta, 
where TE L?(A, X), will be called the interpolation orbit of the element a (in 
the couple X) and denoted by Orb,(A, X). It can be equipped with the 
norm 
II4 Orb = inf{ II TII A + X i TE~(A,X),X=TU} 
for which it is a Banach space. 
It is easy to see that F= Orb,(A, .) is an exact interpolation functor (in 
the sequel interpolation functor means an exact interpolation functor); i.e., 
for any Banach couples X and Y 
II TII Fcx)+m)~ IlTllx+u 
for each TE 2’(X, Y). 
Given A and A, such that A is an intermediate space with respect to A, 
the orbit interpolation functor G: (often also denoted by Orb,(A, .)) is 
defined as follows: for any Banach couple X 
G;(X) := 
{ 
X= f T,Q,; f llTnIIA+x ll~Al,<~ 
n=l n=l 
The norm is given by 
II4 .:(,)=inf f IITnlIA+x Ild.;x= f T,,a, 
II=1 n=l 
Gi is the minimal interpolation functor satisfying A d Gi (X 6 Y 
means Xc Y and llxll ,,d (IxIlx for XEX). 
The coorbit interpolation functor Corb,( ., A) is defined by 
Corb,(X, A) := { XEC(X); Tx~Aforevery T:X+A}. 
The norm is given by sup{I/TxII,; TEZ’~(X, A)}. 
DEFINITION. We say that the interpolation functor G: is correct if for 
any Banach couple X the norms of the spaces Gi (X) and G:(X) are 
equivalent on d(X), where G:(X) is d(X) equipped with the norm 
llxll~~~x~:=inf f lITAA+x Il~~ll~;x= 2 Tkak,N<~andakE4A) . 
k=l k=l 
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Recall that the interpolation functor F is called regular if d(X) is dense 
in F(X) for any Banach couple X. 
DEFINITION. We say that a regular functor F is computable if for any 
Banach couple X the following holds: 
llxll F,Xj = inf{IlxllF~A~; ), XEd(X), (*) 
where the infimum is taken over all regular and finite dimensional couples 
A=(&, A,) such that A, d Xi, i=O, 1. 
Remark. It is clear that the infimum in (*) may be taken over all 
regular and finite dimensional subcouples A of X. 
In what follows (Q, /i, p) will denote a complete o-finite measure space. 
We denote by Lo = L”(Q, A, 11) the space of all equivalence classes of 
p-measurable real valued functions, equipped with the topology of 
convergence in measure on @mite sets. 
A Banach ideal space on (Q, A, p) is a linear subset E of Lo which is a 
Banach space satisfying 
(IA d I-4 a.e., YELO, XEE)*(YEE, IIYII d IId). 
Throughout the paper, we assume that supp E = Q (for the definition 
supp X see [S, p. 1373). Note that any Banach ideal space E is super order 
dense in Lo; i.e., for every 0 <x E Lo there exists a sequence (x,) c E such 
that 0 < x, t x a.e. (see [ 8, Lemma 1, p. 1381). Moreover, if E, and E, are 
any two Banach ideal spaces then E = (E,, E, ) forms a Banach couple and 
F(E) is a Banach ideal space for each interpolation functor F. 
We say that the norm I/. II of the Banach ideal space E is: 
(i) absolutely continuous if 0 d x, 10, imply llxnll + 0. 
(ii) semicontinuous if 0 <x, 7 x E E, imply supnaI /Ix,II = IIxII, 
(iii) norm of Fatou if Odx,tx and sup,,>, llxnll < co, imply that 
x~Xand SUP,,, IMI = IId. 
2. CORRECT FUNCTORS 
Let A be a Banach couple and let 0 #a EL’(A). Throughout the paper 
the interpolation functor Orb, (A, .), with A = Orb,(A, A) will be often 
denoted by F,. 
In this section we show that under certain conditions on A the functor 
F, is correct. Note that the case a E d(A) is not interesting because F, = A. 
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First of all we need some definitions and auxiliary results. 
PROPOSITION 1. Let E he a couple of Banach ideal spaces and let x E Z. 
Then for any t > 0 and 7 > 1 there exists 2 E A such that 0 < I < 1x1 and 
K( t’, x) < qK( t’, Z), jE{-l,l> (*I 
provided x E Z0 or K(t, . ) is the semicontinuous norm on 2Y for any t > 0. 
Proqf It is enough to show that there exists a sequence (x,) such that 
C-x,) c A, 0 <x,, d 1x1 and 
K(t, x,) + K(t, x) for any t > 0. 
(**I 
To see that fix t > 0 and q > 1. Thus, it follows by (**) that for some 
O<Z,Q 1x1, z;eA, we have 
K( t’, x) < qK( tj, zi), .iE { -1, I>. 
This implies that ( * ) holds for I = max {z ~~, , z, }, moreover 2 E A and 
062-6 1x1. 
To this end, let x E C”. We can find a sequence ( y,) c A such that y,, -+ x 
in L’. Now let x, = min{ 1x1, ]J,~I >. Since x,, + 1x1 in 2 (by 1 y,l + 1x1 in C), 
(x,) satisfies (* *). 
Now let K( t, .) be the semicontinuous norm on C for any t > 0. Then, 
by super order density of A(E) in Lo, it follows that (**) holds for 
certain (x,). 
Remark. By a slight modification of the proof of the Theorem 1 in 
[ 111, it follows that whenever the norms of E,, i = 0, 1, are semicontinuous 
and A(E) has Fatou norm, then K(t, .) is the semicontinuous norm on 
C(E) for any t > 0. In particular the above holds provided the norms of E, 
and E, are Fatou. 
For any Banach couple A, we denote by @A) the set of all a E 1 such 
that for any t > 0 and r] > 1 there exists cl Ed such that 
K(t’, a) d qK(t’, cl), je{-1, l}. 
Note that Co c R(A). 
DEFINITION. En element a E Z(A) is said to be K-Zinearizable if for some 
C = C(a), r>O and for any t > 0 there exist operators Vo(t), 
Vi (t) E 5$(A, A) such that 
Vo(t)a+ V,(t)a=a 
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and 
II~“(t)4l.,+f ll~l(~bl.4, d cm4 a) for r>O. 
If each a EC is K-linearizable, we say that A is weak K-lineurizahle. 
PROPOSITION 2. Every couple E = (E,, E, ) of Banach ideal spaces on 
(Sz, A, p) is weak K-linearizahle. 
Proof It follows from the following result (for the proof see [S], in the 
case of mutually closed couples [3]). 
For each x E Z(E) there exists a family of measurable sets (O,), , 0 such 
that 52, c Q, for s < t and such that 
II%, II ,k” + t IIXX Rx,*, II,y, d CK(t, x; E). 
Here C is a constant less than 16 + E, for a given E > 0. For mutually closed 
couples, constant C, can in fact be replaced by 2y, where y < 3 + 2 $ is 
the K-divisibility constant (see [6]). 
Now, it is enough to take Vo(t), V, (t) as 
Vo(f)f’fXn, and uw=fx,\,, 
for t > 0 and f~ C(E). Since Vi(t) E 9, (E, E), i = 0, 1, the proof is finished. 
Remark. Any K-linearizable Banach couple (for the definition and 
examples of such couples see [4, 9, 121) is weak K-linearizable. However, 
the converse is not true. This follows by Proposition 2 and the fact that 
(L,,, Lq) with p # q is not K-linearizable couple (see [lo]). 
In what follows for a fixed Banach couple A= (A,, A,) and element 
0 # a E Z(A), we say that (Q) is satisfied, whenever one of the following 
conditions holds; 
(Qz) UEA~\A;‘~~, Ai=AF, i=O or 1. 
The main result of this section is the following: 
THEOREM 1. Let A = (A,, A,) be a couple of Banach spaces and let 
a E K(A). Then the functor F, is correct provided (Q) is satsisfied and one of 
the following holds : 
(i) A is a couple of Banach ideal spaces. 
(ii) The element a is K-linearizable. 
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ProoJ Let x~d(X) and ~IxI/~,,(~, < 1. Then there exists TE 6p(A, X) 
such that 
x = Ta, IITII.+.< 1. (1) 
For a fixed C > 1 and each s > 0, we can find a: E A, and at E A, with 
a; + a.; = a 
ll4,4”+~ Ila4, G CK(4 a). 
Since a = aymI + (a: - uy- ,) + ai, then 
x=x,+ T(a;-afm,)+y,, 
where x, = Tav-,, y, = Tat for s > 0. 
Combining (1) and (2) we obtain 
II~~sIIx,,d IITlla+x /la~~~IIA,6C~W’, a), 
lIx.,llx,6 /IT(~-af~4.,6 llxllx,+ IlTII.+. ll~t~~ll~~ 
d llxllx, + CsK(sp’, a). 
Similarly we get 
(2) 
(3) 
/IY.JI,~ lI~~llx,+C~(~~~)> 
II Y, II x, 6 cs ‘J4h a). 
Take any 9 > 1. Since (Q) holds, there exists t > 1 such that 
i 
lIxIlxo t-’ 
max K(t, a)’ zq--1, a) 
llxllx, 
I 
d e2. (4) 
For this t, we can find cZrzd(A) (by UE@A)) such that 
K( tj, a) < rj li2K( t’ ii) 1 1 jE{-1,l). (5) 
By the Hahn-Banach theorem, for any s > 0, there exists a linear 
functional f, E Z(A)* such that 
A(@= 1 
and 
If, (b)l 
d K(s, b) 
K(s, 4 
for b E Z(A). 
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Now let R,, S, be one dimensional linear operators defined by 
R, =.f,rlOxt, S,=f,Oy,. 
Using the above inequalities, we obtain 
/Iwl,,,,<~c. 
This implies that 
R,, S,E &c+ ,,(A, Xl. (6) 
Finally in order to finish the proof let us observe that by (3) and 
f,(2)= 1, we have 
x = R&i + Ta, + S,& 
where a, := a: - a:-, . 
(1”) If the condition (i) holds then without loss of generality we can 
assume that CI > 0 (by F,(A) = F,,, (A) isometrically), and a:, ai > 0. Thus, 
by d, a, E d(A) and la, I < 2a, 0 < ii d a (see Proposition 1) and Ilull FicAj < 1, 
it follows that the norm of x in F,(X) is < 24-( C + 1) + 2. Since C, 9 > 1 are 
arbitrary, 
II-4 ~~(x, 6 6. 
(2”) If the condition (ii) holds, then we can take a:= V,,(r)a and 
a: = V,(t)a with V,(t)eY,(A, A), j=O, 1, for some r>O and any t>O. 
Since 
II’, 11 F,(A) = II(vo(~)- Vo(f-‘))allFo(A, 
d IIVO(r)- VO(f-1)l/A+A~2r3 
we see that 
l/XII F”(X) <2f7(C+1)+2r. 
Thus the proof of the theorem is finished. 
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Remark. Note that Theorem l(i) follows by Theorem l(ii), but in the 
present proof of Theorem l(i) we do not use nontrivial Proposition 2. 
COROLLARY 1. If A is a mutually closed couple of Banach spaces and 
a E Co is K-linearizable, then the interpolation finctor F, is correct. 
COROLLARY 2. Let A be any couple of Banach ideal spaces with the 
Fatou norm. Then F, is the correct interpolation functor for any a. 
Proof It is easy to see that A is mutually closed whenever the norms 
of A, and A, are Fatou. Thus by Proposition 1 and the above remark, it 
follows that k(A) = 2, so Theorem 1 applies. 
3. LOCAL FACTORIZABLE BANACH COUPLES 
Let A be a Banach couple and let a E Z(A). 
DEFINITION. We say that an element a is factorizable if for any Banach 
couple X and any TE 6p(A, X) with TaEd(X), there exist T, E g(A, X) 
and T, E S?(A, A) such that 
Ta= T,T,a, T2ae A(A), 
lITIII.~, IIT211.+.dda) IITlI.+.~ 
where y(a) does not depend on T and X. 
Remark. The main motivation of the definition is the fact that the 
functor F, is correct whenever a is factorizable element. 
DEFINITION. If each aEE” is factorizable and y := sup{y(a): aE Co} 
< co, then A is called a local factorizable Banach couple. 
Let a E Z(A)’ be K-linearizable and suppose that the family { V,,(t)},, o 
(cf. definition) satisfies the condition 
U, U,a = U,a (7) 
for any t>s>l, where U,:= V,(t)- Vo(tr’) for t>O. Then for this 
element a, we have the following: 
THEOREM 2. If A is a mutually closed Banach couple, then an element a 
is factorizable. 
410 KRUGLJAK AND MASTYLO 
ProoJ Let x=Tu~d(X) with IITIIA,xbl. Applying (2) we have 
Q=Q~~,+(Q~--~~-,)+Q,‘. Obviously that for any s, t>O, a, :=ay-u:-,~ 
d(A) and 
K(t, czs)2K(t, a)-Iqt,uy-l)-K(t,u;) 
as, a) >K(t,a)-CK(s-‘,u)-Ct- 
s ’ 
Now let t > 1 be such that (4) holds. Since UEC’, then the above 
inequalities imply that for enough large t, > t, (5) holds with 
ii: :=,o ,,-a;-d(A). 
From the proof of the Theorem 1, it follows that 
x = R,d + Tu, + S,G. 
Since a is K-linearizable, we can take uy = V,(s)u and ud = V, (s)u for s > 0. 
Thus by t, > t and (7), we have Tu = T, Tzu, where 
TI=R,+TU,+S, and T, = U,, . 
Moreover by (6) 
where C, does not depend on T and X. The proof is complete. 
Now the main theorem of this section is immediate. 
THEOREM 3. Any mutually closed couple of Banuch ideal spaces is local 
factorizable with y < 27. 
Proof Let A be a mutually closed couple of Banach ideal spaces on 
(Q, A, p), and a E Z”. Then the family { V,( t)}r,O defined in the proof of 
the Proposition 2 satisfies the condition (7). 
Now if TaEd(X) with IITIIA,x < 1, then from the proof of the 
Theorem 2, we get Tu = T, T,u with 
T,=R,+TU,+S,, Tz=lJ,,(t,>t>l). 
For any s > 1, /I U, II A _ A < 1. Thus, by (6) 
lITAl.+. IIT,II.+.G2rl(C+ I)+ 1, 
with C = 2y, where y < 3 + 24 is the K-divisibility constant (see the proof 
of Proposition 2). Arbitrariness of q > 1 gives y < 27. 
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Remark. If a$ A; and a$ A’j, then the left hand of the inequality (4) 
tends to zero as t -+ co. This yields that for a given E > 0, 
R,, S, E &.+ E (A, A) for enough t. Now if a E Co, then taking T, and T, as 
in the proof of Theorem 3, we get 
IIT,//.,x /lT,lI.+.62(C+~)+ 1. 
In consequence, we obtain 
COROLLARY 3. Let A be a mutually closed couple of Banach ideal 
spaces, and a E Co. If a 4 A, and a $ A,, then an element a is factorizable and 
y(a) < 25. 
It seems to be interesting the following 
PROBLEM. Describe all local factorizable couples of Banach spaces. 
4. SOME APPLICATIONS 
We give some applications of our results, concerning the duality between 
orbits and coorbits. 
DEFINITION. We say that a Banach couple A has the approximation 
property if for any aEd and E > 0, there exists a finite dimensional 
operator P,,,: C -+ A for which 
(i) Ila-PP,,all,G~, 
(ii) IIp,,,/I.~.~ 1 +E. 
EXAMPLE. Let E = (E,, E, ) be a couple of Banach ideal spaces on 
(52, A, p). Suppose that 
(a) E, are exact interpolation spaces between L’(p) and Lm(p). 
(b) The norm of A(E) is absolutely continuous. 
Then E has the approximation property. 
To see this, fix E > 0 and x E A. By (b), we can take x, = C; =, c,xnt with 
x~,,E A, O<p(Q,) < co, k= 1, . . . . n, and 11x--.xll, <s/2. Put P= P,,, 
where 
580,102/2-II 
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for f~ ,!,‘(,u) + L”(p). Obviously P: Z(E) + d(E), dim P(C) < co, and 
IlPll L1 + LI d 1, IIPII L’+LI d 1. 
Thus, by interpolation, II PII E j E < 1. Since 
llx-Pxll,= ll(X-X,)--P(x-x,)lld6&, 
E has the approximation property. 
DEFINITION. The dual space X’ for an intermediate Banach space X, 
with respect to the Banach couple X is a Banach space of all x’ E d(X)*, 
equipped with the norm 
For a Banach couple X = (X0, X,), we write X’:= (Xi, Xl). 
Let A be a regular couple of Banach spaces and let a Banach space A 
be an intermediate with respect to A. The following result was shown in 
[I] (in the case A = A0 in [7]). 
THEOREM 4. If the interpolation functor Orb, (A, .) is computable, then 
Orb,(A, X)‘= Corb,,(X’, A’) 
isometrically for any Banach couple X. 
An easy proof of the following proposition may be omitted. 
PROPOSITION 3. Let the interpolation functor Gi be correct. Then for any 
Banach couple X the following holds: 
(a) G:(X)‘= G;‘(X). 
(b) IfA=A’, then G:(X)=Gi(X) isometrically on A(X). 
If F is an interpolation functor, F” is the functor defined by F’(X) = 
F(X)‘. 
PROPOSITION 4. Let a Banach couple A with the approximation property 
be mutually closed, and a E Co(A) be a K-linearizable element. Then the 
functor G$ with A = F,(A) is computable. 
Proof: In [l] (see also [3]) it is shown that the functor Gi with 
A = A0 is computable whenever A has the approximation property and the 
condition (b) of Proposition 3 holds. In order to finish the proof, it is 
enough to show (by Proposition 3) that the functor Gq” is correct. From 
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Corollary 1 it follows that F, is a correct functor. Then F,” is also correct. 
But F,” = Gf,, by Proposition 3(a) and the proof is finished. 
Since F’(X)’ = F(X)’ for any Banach couple X, the following result is 
immediate. 
THEOREM 5. Let A be a regular and mutually closed couple of Banach 
ideal spaces. If A has the approximation property then, ,for any a E C(A) and 
any Banach couple X, 
Orb,(A, X)‘= Corb,,(X’, A’), 
where A = Orb, (A, A). 
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